Dynamics of lattice pinned charge stripes 
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FIG. 1. Two models of stripe: 
b) continous sine-Gordon model. 



a) discrete string model; 



We study the transversal dynamics of a charged stripe (quantum string) and show that zero temper- 
ature quantum fluctuations are able to depin it from the lattice. If the hopping amplitude t is much 
smaller than the string tension J, the string is pinned by the underlying lattice. At t ^> J, the string 
is depinned and allowed to move freely, if we neglect the effect of impurities. By mapping the system 
onto a ID array of Josephson junctions, we show that the quantum depinning occurs at (t/ J) c = 2/tt 2 . 
Besides, we exploit the relation of the stripe Hamiltonian to the sine-Gordon (SG) theory and calculate 
the infrared excitation spectrum of the quantum string for arbitrary t/J values. 

PACS numbers: 74.20.Mn, 74.20.-z, 71 .45.Lr 



The existence of a striped phase in doped 2D antifer- 
romagnets (AF) has been recently a subject of intense 
experimentaLand theoreticalJnvestigations. Experimen- 
tally, elasticau and inelastica neutron—diffraction mea- 
surements in nickelateso and cupratescla have revealed 
the presence of charge and spin-order. Besides, muon. 
spin resonance and nuclear quadrupole resonance resultsu 
have also been successfully interpreted within the picture 
of charged domain walls separating antiferromagnetic do- 
mains. Striped phases have repeatedly been found iii nu- 
merical investigations oft — J and Hubbard models.13 It is 
possible that the striped phase is responsible for many of 
the unusual properties of the cuprate superconductorsJj 

In the present paper, we study within a phenomenolog- 
ical modellrtj the transversal dynamics of a single stripe 
(quantum string). By performing a canonical transfor- 
mation in the quantum string Hamiltonian, we map the 
system onto a ID array of Josephson junctions, which is 
known to exhibit an insulator/superconductor transition 
at (t/J) c = 2/tt 2 . This transition is also knowp^to rep- 
resent the unbinding of vortex/antivortex paira!3 in the 
equivalent XY model. Further, by exploiting the relation 
of these models to the sine-Gordon (SG) theorytll, we 
study the spectrum of the quantum string in a sector of 
zero topological charge of its Hilbert space and reveal the 
meaning of the transition in the "string" language. At 
(t/J) c the (insulating) pinned phase, corresponding to an 
energy spectrum with a finite gap, turns into a (metallic) 
depinned phase where the spectrum becomes gapless. In 
doing so, we have connected two important and differ- 
ent classes of problems, i.e., the transversal dynamics of 
stripes in doped AF and a system with the well known 
properties of the SG theory. 

Let us consider a single vertical string on a N x L 
square lattice (see Fig. la). The linear concentration of 
holes in the string is assumed to be one hole/site. The 
string is composed of N charged particles elastically in- 
teracting with the neighbour ones and constrained to 



move along N horizontal lines. The lattice constant is 
taken as the unit of length. 

The classical state of the system is described by the 
TV-dimensional vector x — {x%, x%, Xn}- Here, x n is 
the x-coordinate of the rt-th particle, x n — 1,2,..., L. 
The corresponding quantum state | x > is defined as 
an eigenstate of all the coordinate operators x n , n = 
1,2, ...,N : x n I x >= x n I x* >. The phenomenological 
Hamiltonian describing this system is 
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The translation operators are defined by their ac- 



tion on the coordinate states, T^r 



x >- 



x± 



>, 



where (e n ) m = S nm . The coefficients t and J denote 
the hopping amplitude and the string tension, respec- 
tively. The operators can be expressed through the 
momentum operators p n , which obey the canonical rela- 
tion [x n ,p m ] = iS nm . We then find — exp(±ip„) and 
the Hamiltonian (TO) becomes 
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H = -2t^cosp n + — ^ (%n+i - inf • (2) 

n n 

Hereafter, we classify the state of the quantum 
string by the value of the topological charge Q = 
^2 n (x n +i — x n ). In the case of open boundary condi- 
tions (BC), the topological charge is an arbitrary inte- 
ger, Q = 0,±1,±2, ... The states with positive and neg- 
ative charges are called kinks (K) and antikinks (AK), 
respectively. Here, we consider periodic BC, xn+i = x\. 
Hence, the total topological charge of the string is zero. 

Since we are interested in the conducting properties of 
the system, we have to determine the current operator 
j„ = ex n , where e is the charge of the particle and the 
dot denotes the time derivative. Using the equation of 
motion x n = i[H, x n ], we obtain j„ = 2et sinp„. 

At this point, it is convenient to perform a dual trans- 
formation to new variables referring to the segments of 
the string, i.e., to a pair of neighbour holes, 

X n - X n -l = 7T„, p n = <p n+ l — <p n . (3) 

The new local variables also obey the canonical relation 
[tp n ,Tr m ] = iS nm . Furthermore, we take the limit L — > oo 
in order to deal with all operators in the ^-representation, 
tp n =>• (p n , 7r„ =>- —id/dip n . The continuous variable (p n 
is restricted to the interval < ip n < 2ir. Finally, the 
Hamiltonian and the transverse current operator acquire 
the form 

H = -2i^cos(</? n+ i - ip n ) - '-^^(d/dipn) 2 , 

n n 

j n = 2etsm(ip n+ i - ip n ), (4) 

which is known from the theory of superconducting 
chains. Eqs. (Q) describe a Josephson junction chain, 
with the Coulomb interaction taken into account. The 
solution of this problem at T = has been found by 
Bradley and DoniachEj. Depending on the ratio t/J, the 
chain is either insulating (small t/J) or superconducting 
(large t/J). The results arise from the standard map- 
ping of the ID quantum problem onto the 2D classical 
one. One obtains the XY model with Euclidean actiontil 

Se = J^j E cos (if? -iff), (5) 

<f,r'> 

where the vectors r = (n, r) form a rectangular lattice in 
space and imaginary time. 

At t/J — 2/tt 2 the Josephson j-chain undergoes a 
Kosterlitz-Thouless (KT) transition.^] For small t/J val- 
ues, the two-points correlator < exjpi(ipp — (p?i) > decays 
exponentially. Then, the frequency dependent conduc- 
tivity exhibits a resonance, Re <j{oj) oc 8{lj — J). Since 
there is no conductivity at oj = 0, this is an insulating 
state with a gap A = J. In the opposite case, when t/J is 
large, the same correlator decays algebraically. Then, the 
conductivity is singular at lo — 0, Re cr(u>) — 2ite 2 t5(u}), 
and the array is superconducting. 



These results are also valid for the quantum string on 
the lattice. Now, it remains to reveal their physical sig- 
nificance for the striped phase. In order to achive this 
aim, we first analyze the problem in two limiting cases: 
t < J and t > J. 

In the limit of weak fluctuations, t <C J, the energy 
spectrum is discrete with spacing w J. The first excita- 
tion is separated from the ground level by a gap A w J. 
This is the minimal energy required to create the doublet 
excitation K-AK, i.e., to change the initially flat configu- 
ration of the string. Hence, the ground state is insulating 
and the elementary excitations are pairs of bound K/AK. 
The dimension of the pair can be estimated as the corre- 
lation length £ = 2/ln(J/2t) < 1. 

In the limit of strong fluctuations, t > J, we can ex- 
pand the cos-term in the Hamiltonian (H) up to second 
order cos(^„+i - <p n ) w 1 - ((fi n +i - <p n ) /2 and diago- 
nalize the quadratic Hamiltonian. Then, we obtain the 
phonon-like spectrum Ek = —2tN + >/StJ \ sin(fc/2) | 
with a finite band width \/8tJ and no gap. Therefore, 
the ground state is conducting and the stripe is depinned. 
The calculations of the conductivity are straightforward, 
since in this case the time dependence of the current 
j n ~ 2et{(p n+ i — tp n ) follows from the standard relation, 

Vn(T) = E \ffj- k [el(knT)&k + ^^ai]- (6) 

Here, at and at are Bose operators. Using these expres- 
sions, we calculate the current-current correlator 

/•OO 

R(k,w)=-i dre^ < ( T ) , j fc (0)] > (7) 
Jo 

and the uniform conductivity 

<t(u) = lim ImII(fc, w) = 2ire 2 t5(uj). (8) 

The phase correlator exhibits quasi-long range order, 

< expi((p n - (p m ) >cx \n - m\~ a , (9) 

with a = tJJ/SwH. Hence, in the limit t^> J the average 
dimension of the K/AK pair diverges, £ — > oo, providing 
the conducting ground state. Now, the elementary ex- 
citations are phonon-like excitations of the phase. This 
transformation is similar to what occurs in the JJ array: 
gapped charge excitations in the insulating state trans- 
form into gapless phase excitations in the superconduct- 
ing state. 

Next, we consider the quantum dynamics of the stripe 
at arbitrary t/J. The calculation of the complete en- 
ergy spectrum corresponding to the string Hamiltonian 
(||) is a difficult task. However, in the long wave-length 
limit k — > the physics of the stripe can be described by 
a continuous sine-Gordon (SG) model (see Fig. lb) with 
Hamiltonian 
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H, = dn 



J ( dx n 



tp n + ~ ( -q^ ) - ?7Cos(27ri„) 



(10) 



Here, the restriction to the integer values of the coordi- 
nate x n is provided-by the potential term — 77 cos(27ra; ra ). 

It can be showrO that the partition function of a 2D 
XY model is the imaginary time version of the action 
corresponding to the real time Lagrangean 




(11) 



where we have rescaled fields and coordinates as x n — > 
(3<p/2ir and (n, r) — * (n,r/c). Here, /3 2 = X/m 2 — 

m is the mass of the elementary 



(2ir) 2 y/2t/J. InEq. @ 
boson of the theory and A its coupling constant. 

Although the equivalence of SG model to our starting 
Hamiltonian (|l|) is strictly correct only near criticality, 
both models are dominated by K/ AK excitations so that 
also away from criticality, the two models should have 
very similar properties. The SG model is further clearly 
a natural choice to describe an elastic string in a periodic 
potential and our derivation of the SG model from the 
lattice model (Q) provides us with a relation of the phe- 
nomenological parameters of the SG model to the more 
microscopic parameters of the lattice Hamiltonian. 

The excitations of the SG theory are known ex- 
actly, and consist of fcrmionic soliton-like excitations and 
bosonic bound states. The quantization, about the so- 
called "breather" or "doublet" solutionlij leads to a set 
of discrete states whose energies are the doublet masses 



M N = 2M s sin — f 
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(12) 



is the renormalized coupling constant of the SG model, 
M s is the soliton mass and N = 1,2, ...877/7 . In the 
weak coupling regime 1 < An, M s ~ 8771/7. 

These results suggest that we could regard the doublet 
as a bound state of the quantum soliton- antisoliton pair. 
This is valid once 7 < 87r (/3 2 < 47r), otherwise, no bound 
state would survive in Eq. (|l2|). The present interpreta- 
tion can be further exploited if we use the equivalence of 
(0) with the massive Thirring model (MTM)EJ 



-MT 



|(*y*)(* 7/1 *) (13) 



where 70 = cr x , 7i = —ioyi an( i ^ is a 2-componcnt (right 
and left movers) fermionic field. The constants ttif and 
g are, respectively, the mass of the fermions and the cou- 
pling constant for their self-interaction. This equivalence 
allows us to identify the soliton of the SG model with the 
fermion of the MTM and thereby Eq. (|l2|) can also be re- 
garded as a set of bound states of fermions-antifcrmions 
of the latter. 

The relationship between the coupling constants of the 
two models isEj An/ f3 2 = 1 + g/n which clearly shows us 
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FIG. 2. Infrared energy spectrum of the quantum string 
and the effective masses of its doublet excitations. Every 
line shows the lower infrared boundary of continuum. The 
insulating gap A turns to zero at t/J = 2/ty 2 . 



that when 1 < Air, g > 0. This implies that particles 
and anti-particles should attract one another, in agree- 
ment with our previous interpretation. For f3 2 —> Ait one 
has g — > and, therefore, fermions and anti-fcrmions 
are about to decouple. The last remaining bound state 
has mass Mi = 2m/7r, which turns out to be twice the 
solitonic mass M s = 8m/7 for 7 = 871". At (3 2 — Air 
fermions and antifermions are no longer bound and can 
freely move along the line. 

The region where At: < (3 2 < 8tt [see Eq. (^2j)] means 
the very strong coupling regime of the SG theory. The 
coupling constant g is negative, which means that parti- 
cles and anti-particles should now repel each-other. The 
spectrum of excitations still presents a gapE£l that van- 
ishes as we approach f3 2 = 8ir (7 — > 00) and, beyond this 
point, the quantum mechanical SG potential becomes un- 
bounded belowEfl. ■— ,|— , 

Actually, it has been shown by many authorstalla that 
the system undergoes a Kosterlitz-Thouless phase tran- 
sition at (3 2 = 8ir or g = —ir/2. Close to this transition, 
the SG model can be obtained from a model consisting of 
two different kinds of relativistic massless fermions which 
is nothing but a spinful Luttinger model (LM)E3. Actu- 
ally, the fermions to which we are referring above can be 
thought of as spin excitations of the LM, once backscat- 
tering processes are considered. When the latter becomes 
relevant, the corresponding excitation has the SG model 
as a fixed point. 

In the string language (see Fig. 2), we find that for 
t <C J, the excitation spectrum is basically given by 
Mn ~ Nm, which means N elementary bosons of the 
SG theory. It also allows us to identify m = J (the low- 
est elementary excitation for t = 0) and consequently 
A = (27r) 2 V2iJ 3 . As t is increased these turn into N 
particle bound states which are just the excited states 
of the K/AK pairs. We can imagine the string being 
pinned by the lattice and at least an energy M\ would 
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be necessary to create a bound K/AK pair (the elemen- 
tary boson of the SG theory). At t/J = l/2n 2 (f3 2 = 4tt) 
the pair K/AK becomes free. When t/J > l/2ir 2 there 
still exists a gap for the formation of the pair but this 
bosonic gap vanishes as one approaches the critical value 
(t/J) c — 2/tt 2 . Beyond this point the SG potential is 
irrelevant, the string is no longer pinned and can freely 
move over the antiferromagnetic plane. Hence, it ex- 
hibits a gaussian dynamics, with associated logarithmic 
wandering. The spontaneous symmetry breaking of the 
discrete system is removed and the string becomes invari- 
ant with respect to arbitrary transversal translations. In 
principle, a transversal sliding mode exists. The invari- 
ance of the state to transversal translation gives rise to 
acoustic excitations of the form to = c*k with a renor- 
malized velocity c* < c. 

The behaviour of the correlator (0) is in complete 
agreement with the interpretation that above (t/J) c the 
spectrum of the quantum string should be the same as 
for the LM we mentioned above. As is well known, all 
the correlation functions of a LM should present alge- 
braic decayLLj. Whereas for the equivalent model of a JJ 
chain it really means an insulator-superconductor transi- 
tion, here it only reflects the depinning of the string or, in 
other words, a insulator/metal transition. It would only 
require a vanishingly small electric field perpendicular to 
the string to depin it. This fact is also reflected in our 
expression (JsJ) for the perfect conductivity of the system. 

Based on the Josephson chain, as well as on the sine- 
Gordon results, it follows that at (t/J) c = 2/tt 2 the quan- 
tum string undergoes a KT-fccaxisition. This transition 
has been previously predictedEm, and treated asjough- 
ening of the string. Besides, Viertio and RiceEZI have 
calculated the energy for creating a pair K/AK and have 
shown that for large t/J values this energy becomes neg- 
ative, leading to a proliferation of K/AK pairs. Here, we 
have shown that at the transition point the gap A van- 
ishes and the bosonic excitation disappears. Notice that 
our results are based on the single stripe picture and we 
do not necessarily expect them to remain valid at higher 
doping concentrations. 

We want to emphasize that at finite temperatures 
(T / 0), thermal fluctuations will "spoil" the quasi- long 
range ordered phase. In this case, the Euclidean action 
(||) describes a XY model on a 2D lattice, which is fi- 
nite in the r-direction, with length L = 2n/T. Then, 
the KT-transition disappears and the long-range phase 
correlations are suppressed. 

Finally, we can summarize our results: at t = 0, the 
GS of the string is the kink-vacuum. At < t/J < 
2/tt 2 , the energy spectrum is gapped and the system is 
insulating. At t/J > 2/tt 2 there is no gap anymore, the 
phase is quasi long-range ordered, the GS is the one of 
the LM and the system is a perfect conductor. Thus, our 
results at the critical region agree with the ones obtained 
from the mapping onto the Josephson chain, with the 
advantage that they clarify the physical meaning of the 
insulating and superconducting states for the quantum 



string. Besides, we are proposing a phenomenological 
model which provides us with the spectrum of a quantum 
string for any value of t/J. 
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